MAXIMUM PRINCIPLE FOR SPDES AND ITS 
APPLICATIONS 
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Q," Abstract. The maximum principle for SPDEs is established in multi- 

dimensional C 1 domains. An application is given to proving the Holder 
continuity up to the boundary of solutions of one-dimensional SPDEs. 
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n/ The maximum principle is one of the most powerful tools in the theory of 

PLh ' second-order elliptic and parabolic partial differential equations. However, 

f-H until now it did not play any significant role in the theory of SPDEs. In 

this paper we show how to apply it to one-dimensional SPDEs on the half 
line R + = (0, oo) and prove the Holder continuity of solutions on [0, oo). 
This result was previously known when the coefficients of the first order 
derivatives of solution appearing in the stochastic term in the equation obeys 
a quite unpleasant condition. On the other hand, if they just vanish, then 

l/-) \ the Holder continuity was well known before (see, for instance, [H] and the 

CN ■ references therein). 

To the best of our knowledge the maximum principle was first proved in 

f-») ' |12| (see also |14j for the case of random coefficients) for SPDEs in the whole 

\& ■ space by the method of random characteristics introduced there and also in 

|15j . Later the method of random characteristics was used in many papers 
for various purposes, for instance, to prove smoothness of solutions (see, for 
instance, [Q, [2], j5], ^7] and the references therein). It was very tempting 
to try to use this method for proving the maximum principle for SPDEs in 
domains. However, the implementation of the method turns out to become 
extremely cumbersome and inconvenient if the coefficients of the equation 

/^ • are random processes. Also, it requires more regularity of solutions than 

actually needed. 

Here in Section {I\we state the maximum principle in domains under min- 
imal assumptions. We prove it in Section |3] by using methods taken from 
PDEs after we prepare some auxiliary results in Section [21 

Section contains an application of the maximum principle to investigat- 
ing the Holder continuity up to the boundary of solutions of one-dimensional 
SPDEs. Note that, for instance, in pP, [2J and in many other papers that 
can be found from our list of references the regularity properties are proved 



s 



£ 



1991 Mathematics Subject Classification. 60H15, 35R60. 

Key words and phrases. Maximum principle, Holder continuity, stochastic partial dif- 
ferential equations. 

The work was partially supported by NSF Grant DMS-0140405. 

1 



2 N.V. KRYLOV 

only inside domains. Quite sharp regularity for solutions of SPDEs in multi- 
dimensional domains is established in , it is stated in terms of appropriate 
weighted Sobolev spaces and, unfortunately, do not imply even the pointwise 
continuity up to the boundary. It is worth saying that we only deal with 
one-dimensional case and coefficients independent of the space variable. In 
a subsequent paper we intend to treat the general case. In Section 0] we 
introduce some auxiliary functions used in Sectional 

We denote by M. d the Euclidean space of points x = (x 1 , ..., x d ), 

dx l 

For a domain D C R and we set W\ (D) to be the closure of the set of 
infinitely differentiable functions 4> having finite norm 

U\\w} { D) = W ( f ) \\ 2 L 2 (D) + Ux\\l 2 (D) 

o 
with respect to this norm. Here <j> x is the gradient of <j>. By W\(D) we 

denote the closure of Cg°(.D) with respect to the norm || • H^im)- Our 



way to say that u < v on dD is that (u — v) + £ W\(D). As usual, the 
summation convention is enforced and writing N(....) is to say that the 
constant iV depends and depends only on the contents of the parentheses. 
Such constants may change from line to line. 

Few typos in the original version of the article were kindly pointed out 
by Kyeong-Hun Kim. The author is sincerely grateful for that. 

1. The maximum principle 

Let D be a domain in M. d of class C\ oc and let (Cl, T ' , P) be a complete 
probability space with a given filtration (Tt , t > 0) of cr-fields f j C f 
complete with respect to J 7 , P. 

We are investigating some properties of a function ut(x) = Ut(u>,x) satis- 
fying 

((f), u t ) = (0, no) + / (0, (jfD iUs + u k s u s + g k s ) dm k s 
Jo 



, Di(ai J D jUs ) + blDiUs + Di(aiu s ) - c s u s + f 8 + A/j) dV s . (1.1) 



for all t £ [0, oo) and any (j) 6 C^°(D). Here m k , k = 1,2,..., are one- 
dimensional continuous local J-j-martingales, starting at zero, Vt is a nonde- 
creasing continuous ^-adapted process starting at zero, (tfi, ■) is the pairing 
between a generalized function on D and a test function (j), the summa- 
tion convention over repeated indices is enforced, and the meaning of the 
remaining objects and further assumptions are described below. We need 
some real- valued functions Q(x), K\(t) > 0, and ^(t) > defined for 
i = 1, ..., d, t G [0, oo), i£l d and also depending on u. 
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We assume that d t 3 (x), b\(x), a\{x), ct(x), <j lk {x), v k {x), and g k are real- 
valued functions defined for i,j = l,...,d, k = 1,2,..., t G [0, oo), x G M. d 
and also depending on w 6 fl. 

Assumption 1.1. We suppose that, for any uj, (rn l ,m?) t = if i ^ j, and 
for any k we have d(m k )t < dVt- 

Assumption 1.2. For all values of the arguments 

(i) a« := (^V* 2 ,...), */ := (i/ 1 ,*/ 2 ,...), g := (g\g\...) G £ 2 ; 
(ii) for all A G R d 



J^ATI 2 < -^i(2a ij ' - a lj )X i X j , 



where a*- 7 = (<T J ,cr J )^ 2 . 

The case £ = is not excluded and in this case Assumption ll.2l (ii) is just 
the usual parabolicity assumption. 

Assumption 1.3. (i) The functions a t J (x), b\{x), a\(x), Ct(x), a\ k {x), v k (x), 
£,t( x )i Ki(t), and Kzijk) are measurable with respect to (u,t,x) and Tt- 
adapted for each x; 

(ii) the functions a t 3 (x), b\(x), a\{x), ct(x), a\ k {x), v£(x), and £,\{x) are 
bounded; 

(iii) for each iv,t the functions 

are once continuously differentiable on D, have bounded derivatives, and 
satisfy 

D lV i -2c+\u\l<K 2 (1.2) 

for all values of arguments; 

(iv) for each (j) G C^°(D) the processes 4>ft, </>//,..., <j)ff are L2(-D)-valued 
and cj>gt is an L 2 (D , £2)-valued ^-adapted and jointly measurable; for all 
t G [0, oo) and u> G 0, 

f Ws\\l 2(D) + E UftWUm + felli 2 (A&) + K ^ + **(«)) dv * < °°- 

Assumption 1.4. For each <j) G Cq°(D) 

(i) the process c/>ut = <f>ut{ui) is L2(-D)-valued, ^-adapted, and jointly 
measurable; 

(ii) for any uj 

4>u t G W}(D) (dVt-a.e.); 
(iii) for each t G [0, oo) and a; 

»t 
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The above assumptions are supposed to hold throughout this section. 
Here is the maximum principle saying, in particular, that if g = /* = 0, 
/ < and u < on the parabolic boundary of [0, T] x D, then u < in 
[0, T]. By the way, our solutions are L,2 t ioc(D)-valued functions of u> and t, 
so that for each co and t an equivalence class is specified. Naturally, if we 
write utiio) < 0, or m < we mean that in the corresponding class there is 
a nonpositive function. 

Theorem 1.1. Let t<i > n 6e stopping times, t\ < oo /or any w. Suppose 
that, for any uj, i = 1, ..., d, fe = 1, 2, ..., 

I ut >o9? = Iu t >oft=0, v+€Wl(D), l ut>0 ft<0 

dVt-almost everywhere on (ti,T2) and suppose that u Tl < /or any w. Then 
almost surely u t < /or a// i G [t%, tq\ n [ri, oo). 

The following comparison principle is a generalization of Theorem 11.11 

Theorem 1.2. Lei T2 > t\ be stopping times, t\ < oo for any uj. Let pt > 0, 
t G [0, oo), be a nondecreasing continuous J-f-adapted process and let ft, 
f},..., ff, and gt satisfy Assumvtion M.iA (iv). Let Ut be a process satisfying 
Assumption \1.4\ and such that equation (11.1(1 holds for all t G [0, oo) and 
any (f) G C^(D) with f t , ]},..., ff, and g t in place of ft, ft,---, ft, and g t , 
respectively. 

Assume that, for anyuj, (dVt-a.e.) on [ti,t<2\ we have 

iut>pu t (m - Ptgt) = iut> P tu t {ft - ptft) = °> * = !> •••> d > 



Iu t>Pt u t {ft - Ptft) < 0, L Ut>pt u t u t > 0, (u t - p t u t ) + G W\{D). 
Finally, assume that u Tl < p Tl u Tl for any to. 

Then almost surely ut < pt.ut for all t G [t\, t<2\ n [ri, oo). 

Corollary 1.3. Assume that, for any to, (dVt-a.e.) on {t\,T2} x D we have 

Iu t >M + 9t) = Iu t >i(f! + 4) = 0, i = l,...,d,k = 1,2,... 

I ut >if < i ut >ic, (u t -i) + eWl(D)- 
Also assume that u T1 < 1 for any to. Then almost surely ut < 1 /or a// 

t G [ri,r 2 ] n [ri,oo). 

Indeed, it suffices to take Ut = 1, pt = 1 and observe that n t satisfies (|l,lj) 
with /j = —a 4 , / = c, and ^ = — Vt in place of / t 4 , ft, and at, respectively. 

This corollary generalizes the corresponding results of ^2] and ^1]' where 
u k = g k = f l = a l = 0. 

Remark 1.4. Our equation has a special structure, which may look quite 
restrictive. In particular, we assume that the martingales m k are mutually 
orthogonal. The general case, actually, reduces to this particular one after 
using the fact that one can always orthogonalize the martingales by using, 
for instance, the Gramm-Schmidt procedure. This, of course, would change 
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a, u, and g, and writing the corresponding general conditions would only 
obscure the matter. Then passing from m k to (no summation in k) 



dt 

dt+~d(m k ) 



p k s dm k s , p k s = ( 

o 



allows one to have d(m k )t < dt and adding after that t to Vt allows one 
to have d(m k )t < dVt- Again we should modify our coefficients but we 
will see in the proof of Theorem 11.21 that this modification does not affect 
Assumption 11.21 which is an assumption about parabolicity of our equation 
and not strict nondegeneracy. 

2. Auxiliary results 

In this section the notation ut is sometimes used for different objects than 
in Section ^ 

Denote by TZ the set of real- valued functions convex r{x) on M such that 
(i) r is continuously differentiable, r(0) = r'(0) = 0, 

(ii) r' is absolutely continuous, its derivative r" is bounded and left contin- 
uous, that is usual r" which exists almost everywhere is bounded and there 
is a left-continuous function with which r" coincides almost everywhere. 

For r G TZ by r" we will always mean the left-continuous modification of 
the usual second-order derivative of r. 

Remark 2.1. For each r E 1Z there exists a sequence r n S 1Z of infinitely 
differentiable functions such that |r n (x)| < iV|:c| 2 , |r^(x)| < N\x\, and |r"| < 
N with N < oo independent of x and n, r n , r' n ,r'^ — > r, r'r" on R. 

Indeed, let ( S Cq°(1R) be a nonnegative function with support in (0, 1) 
and unit integral. For e > define Ce( x ) = e ~ 1 C{ x / £ ) an d r e( x ) = r *Ce( x ) ~ 
r * Ce(0) — xv' * Ce(0)- Then r £ is infinitely differentiable, r £ (0) = r' e (0) = 0, 



\ r e\ = \r * Q\ < sup \r | < oo. 



In particular, 

rx rx 

\K( X )\ = I / r"{y)dy\ < N\x\, \r e (x)\ = \ r' £ (y) dy\ < N\x\ 2 . 
Jo Jo 

Finally, the convergences r e — ► r and r' e — > r' follow by the continuity of r 
and r 1 and the convergence r" — > r" follows from the dominated convergence 
theorem, the left continuity of r" and the formula 

r"(x) = / r"(x - ey)((y) dy. 
Jo 

In the following lemma the assumption that D is a locally smooth domain 
is not used. 

Lemma 2.2. Let ut = Ut(u) be an L2(D)-valued process such that uq is J-q- 
measurable. Let f t and gt = {g\,g^, ...) be T t - adapted and jointly measurable 
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processes with values L/2(D) and /^(-D,^); respectively. Assume that for 
each t £ [0,oo) we have 

r-t 

(\\fs\\l 2{D ) + \\9s\\l 2{D , e2) ) dV s < 00 (2.1) 

/o 

and for any <j> £ Cq°(D) 

(<P,ut)L 2 (D) = (<I>,uo)l 2 (d)+ / (<t>,fs)L 2 (D)dV s + / (<f>, g k )l 2 (d) dm k s . (2.2) 

Jo Jo 

Then (i) m is a continuous L2{D) -valued function (a.s.J; (ii) for any 
r £ 1Z (a.s.) for all t £ [0, 00) 

l|r 1/2 («t)|li a p) = Hr 1/2 («o)|li a(D) +y h s dV s + mt, (2.3) 

where 

h s := (r'(u s ),f s ) L2{D) + (l/2)||(r") 1/2 (n s )^||! 2(D/2) , (2.4) 

~k j d(m ) s \ k f / k k 

9 S ■= I dy ) 9s, rn t := (r(u s ),g s )L 2 (D)dm s 

and nit is a local martinagale; 
(Hi) (a.s.) fort £ [0, 00) 

lh + lli 2 (D) = \\ u o\\l 2 (D) + / h s dV s + m t , (2.5) 

where 

h s := 2{u s ,fs)L 2 {D) + \\9sIu s >o\\ L2 ( D) i 2 ), 

m t :=2 {ut,g k s)L 2 (D) dm k s 
Jo 
and writ is a local martinagale. 

Proof, (i) Recall that the operation of stochastic integration of Hilbert 
space valued processes is well defined. Therefore, the process 

ut = u + f s dV s + / g K s dm K s 



sdm k s 
Jo 



is well defined as a continuous L2(-D)-valued process. We also recall how the 
scalar product interacts with integrals. Then it is seen that for any t and 
4> £ Cq°(D) we have ((f>,Ut) = (<fr,ut) (a.s.). Since both parts are continuous 
in t, the equality holds for all t at once (a.s.), and since C yD (D) is dense in 
L,2(D), we have that u t = ut for all t (a.s.). This proves (i). As a corollary 
we obtain that 

sup [|itt[|i, 2 (u) < 00, VT < 00 (a.s.). (2.6) 

t<T 

(ii) It suffices to prove (|2.3|) for infinitely differentiable r £ 1Z. Indeed, for 
r n from Remark 12. II passing to the limit in all term in ()2.3|) apart from nit 



ft 
< 
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presents no problem at all in light of (|2.6j) and the dominated convergence 
theorem. Also 

m t (n) := / {r' ri {u s ),g k s ) L2 {D)dm k -> m t 
Jo 

uniformly in t on finite intervals in probability because 

(m(n)-m) t = f ^ ({r' n - r')(u s ),g k s ) 2 L , D) d{m k ) s 

fY.^'n- r ')^)^ k s)l 2{D) dV s 
J ° k 

< [ \\(r'n-r')(u s )f L2iD) \\g s f L2iD;i2) dV s ^O 

again owing to Q2.6|) and the dominated convergence theorem. 

Thus, we may concentrate on the case that r is infinitely differentiable. 
Take a symmetric C, £ Cg°(R ) with support in the unit ball centered at the 
origin and unit integral. For e > set C,e{ x ) = £ ~ C( x / e ) an d f° r functions 
v = v(x) define v^ = v * Q. Also set 

D E = {x eD : dist (x, 3D) < e}. 

According to (j2.2|) for any x 6 D e and t > we have 

ft ft 

u ( t e) {x) = u i £ \x)+ / f l f\x)dV s + / 5 *( £ )(x)dmJ. 
Jo Jo 

By Ito's formula we have that on D e 

r(4 £) ) = r(4 £) ) + f\r'{u^)f^ + (l/2)r"(n^)|#||] c^ s 
JO 

+ fr'{uf)g k &dm k . (2.7) 

jo 
Here, for each e > 0, the integrands are smooth functions of x and their 
magnitudes along with the magnitudes of each of their derivatives in D £ are 
majorated by a constant (possibly depending on e) times 

ll/«llia(X)) sup ||x*»|U 2 (£») or \\gs\\l 2 m >£2 ) or \\g k \\l 2 (d) sup K||l 2 (d)- 

s<t s<t 

This and Q2.1[) and Q2.6JI allow us to use Fubini's theorem while integrating 
through (|2.7j) and conclude 



+(l/2)||(r") 1/2 (4 £) )#lli 2 (D £A )]^ 



+ f\r'{u^),9 k ^) L2{De) dm k . (2.8 

JO 
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Now we let £ J. 0. We use that for any function v G 1*2 (-D) 

\\v {£) \\l 2 (d £ ) < II(^d) (£) ||l 2 (^) < IKd||wk<*) = \Ml 2 {D) 



and v^ £ >Id e — » v in /^(-D). In particular, g s Id, — ► g k and uf Id* 
implying that r'(uf )Id e —* f'(us) m LziP) an d 

(r'(ui%g k &) L2{Dc) ^(r'(u s ),g k s ) L2{D) 

for each k and dP x dVg-almost all (u, s). 
We also use ()2.1|) and Q2.6JI to assert that 



?/, s 



oo ,. t 

J2 sup \(r'(u^),g k ^) L2iD J 2 dV s 

,. , Jo eefo.il 



k=1 J0 e e(o,i) 



< iVsupKH! (D) / 



^IlLcoA)^ <o °- 



As is easy to see this implies that the local martingale part in Q2.8JI converges 
to rrit as e J, in probability locally uniformly with respect to i. 

Similar manipulations with other terms in (|2.8|) allow us to get Ij2.3|) . 
Since (|2,5() is just a particular case of ()2.3j) . the lemma is proved. 

Remark 2.3. Lemma 12.21 remains true if in the definition of TZ instead of 
requiring r" to have a left-continuous modification we required it to have 
a right-continuous one, and of course, in Q2.4|) used this right-continuous 
modification. This is seen after replacing u with —u. 

In case r(x) = (x + ) 2 the function r" has both right- and left-continuous 
modifications, so that in the definition of mj one can use 2I Us> $ or 2I Us >q. 
It follows that (a.s.) for any t 

/ \\9sIu s =o\\ 2 L 2 (D,l2) dV s = °- 

Furthermore, since, for any v £ L2(D), ut + v has the same form as ut, 

rt 
J \\9sIu s =v\\l 2 (d,£2) dVs = 0. 

Lemma 2.4. Let D be an arbitrary domain. Let u t be an L-2{D) -valued 

To-measurable process such that for any to 

u t E W}{D) 
(dVt-a.e.) and for each T £ [0, oo) and u 

J \\ut\\ 2 w i {D) dV t <co. (2.9) 

Let ft, fl ',..., f£ , and gt = (gl,gt,—) be Ft- adapted and jointly measurable 
processes with values in L2(D) and Li{D,l-i), respectively. Assume that for 



I +II 2 i 

\ U t \\L 2 (D) — H M n 
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each £ G [0,oo) we have 

j\\\fs\\l 2{D) + £ \\fl\\l 2{D) + \\9s\\l 2{D/2) ) dV s < 00, (2.10) 

and for each t G [0, 00) , (p G Cq°(D), and u 

( ( j ) ,u t ) = (^u )+ [ (<f>J s + Difi)dV s + [ (<f>,g k s )dm k s . (2.11) 

jo Jo 

Finally, assume that there is a compact set G C D such that 
u t (x) = f t (x) = fUx)=g k (x) = 

outside G. Then 

(a) ut is a continuous L2(D)-valued function (a.s.); (b) (a.s.) for all 
t G [0, oo) 

4lli 2 (D)+ / h s dV s + mt, (2.12) 

where 

h s := 2(u s ,f s )L 2 (D) ~ 2 (^ s >oA - "s,/i)L 2 (D) + \\9sI<pu s >o\\L 2 (D,e 2 )> 

m t :=2 {ut,g k s ) L2 {D)dm k s . 
Jo 

Proof. Observe that (|2.11f) holds for all infinitely differentiable functions 

o 
4>. Furthermore, since ut G W\(D) (dVt-a.e.) assertion (a) is well known 

(see, for instance, |13j . the references therein, and Remark 1 1.4|) . 

To prove (b), take e smaller than the distance between G and dD. Notice 

that, owing to the symmetry of £, for eft G Cq°(D) 

{(f) {e) ,u t ) = ((/) {£ \u t ) L2iud) = (0,u t (e) ) i2(Rd) = {4> : uf ] ) L2{D) . 
Therefore, it follows from (|2~TTj) that for any G C^{D) 

(0,nJ £) ) = (<A,n o £) )+ [\ct>J!)d S + f\^g k ^)dm k } (2.13) 

Jo Jo 

where 

/|:=/i £ )+A/] (£) 

is an Z/2( -Devalued function with norm that is locally square integrable 

against dV s . By Lemma 12.21 for any r G 1Z 

lk 1/2 (^ ) )lli 2 (D) = lk 1/2 (4 £) )lll(D)+^s^ + mf, (2.14) 

where 

m\:= f\r'{u^),g k{£) )L 2{ D)dm k , 
Jo 

K := (r'(u^)J~!) L2{D) + (l/2)||(r") 1/2 (n( £ ))#||i 2(D/2) 
= (^ £) Ui £) )L 2 (D)-(r>i £) )Au^ 
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If r is infinitely differ entiable, then by using (J2.9J) and Q2.10JI one easily 
passes to the limit in IJ2.14JI as e — ► 0. The argument is quite similar to the 
corresponding argument in the proof of Lemma 12.21 and, for smooth r G 1Z, 
yields 

Ik 1/2 (^)IIL(D) = \\r 1/2 (u )\\l 2{D) +j Q h s dV s +m t , (2.15) 

where 

m t = (r'(u s ),g k ) L2 ( D) dm k , 
Jo 

h s = (r'(u s )J s ) L2(D) - (r"(u s )D t ,u s Jl) L2(D) + (l/2)\\(r") 1 / 2 (u s )g s \\l 2{D ,i 2 y 

Finally, as in the proof of Lemma 12.21 one easily passes from smooth 
r 6 TZ to arbitrary ones and gets Q2.5JI by taking r{x) = (x + ) 2 . The lemma 
is proved. 

Lemma 12.41 serves as an auxiliary tool to prove a deeper result. 



Lemma 2.5. Let D be an arbitrary domain. Assume that for each (f) € 
Cg°(£>) 

(i) 4>ut is an L^iTi) -valued process such that 4>uq is To-measurable; 

(ii) for any uj 

<Pu t e W${D) 
(dVt-a.e.) and for each T 6 [0, oo) and u 

r-T 

\\<l>Utt wHD) dVt<™. (2.16) 

o 2 

(in) Let ft, //, ..., ff, and gt = (gj,g^,...) be J- 1- adapted and jointly mea- 
surable processes with values in ^(-D) and LiiD^t-i), respectively. Assume 
that for each t £ [0, oo) and 4> £ Cq°(D) we have 

I {\Ws\\i 2{D) + E \M\\Um + ii^-iiL^a)) dv * < °°> ( 2 - 17 ) 

Jo i 

(<t>,ut) = (0,n o )+ / ( ( j ) J s + D i fi)dV s + [ ((f>,g k )dm k . (2.18) 

Jo Jo 

Then, for any (p £ C^{D), 

(a) (put is a continuous L2(D) -valued function (a.s.); (b) (a.s.) for all 

t€ [0,oo) 

ll(<M) + lli 2 (D) = ll(^o) + |l! 2(D ) + J h s dV s + rot, (2.19) 

where 

h s := 2(((pu s ) + ,(j)f s - /sA0)l 2 (d) - 2(I (f>Us>0 D i ((f>u s ),<f)f l s ) L2 ( D ) 

+ U9J<t>u s >o\\l 2 (D,t 2 )> rn t :=2 I (<fru+, <pg k ) L2 (D) dm k . 



MAXIMUM PRINCIPLE 11 

Proof. Clearly, for any <p,rj € C^°(D) we have 

((f), nu t ) = (0, wo) + I (<f>, Vfs - fsD iV + Di(rjfi)) dV s + / (<f>, V g k s ) dm k s . 
Jo Jo 

(2.20) 

Therefore, r/ut satisfies the assumptions of Lemma 12.41 with rjf s — flDiij, 
rjfl, and r]g k in place of f s , Difl, and g k , respectively. 

By applying Lemma 12.41 to rjut in place of Ut we get the result with rj in 
place of 4>. This certainly proves the lemma. 

3. Proof of Theorems II . II and II .21 

In this section the assumptions stated in Section ^ are supposed to be 

satisfied. We use the fact that due to our hypothesis that D G C , there 

exist sequences C, n and C,n of nonnegative C^°(D)-functions such that < 

_ _ o 

Cm Cn < lj Cn> Cn —* 1 hi D as n — ► oo and for any v G W^iD), i = 1, ..., d, 

||VAC«[U 3 (2?) < ^(11(1 " C>lk 2 (D) + 11(1 " Cn)^||L 2 (D)), (3-1) 

where N is independent of n and v (see, for instance, the proof of Theorem 
5.5.2 in [3]). We also know (see, for instance, the proof of Lemma 2.3.2 in 
[El or Problem 17, Chapter 5 of @J) that if v € W^(D), then v + E W%(D) 
and 

DiV + = I v>0 DiV. 
Proof of Theorem HHI Set 

K = K 1 + K 2 , <pt= f K(s)ds. 
Jo 

Take the sequences of nonnegative CniCn £ C yD (D) from above. By Ito's 
formula and Lemma 12.51 

IICnn+||l 2(D) e-^ = ||C„<||| 2(D) +^ KdV s + mt(n), 

where 

e*°h n s = I ls + I 2s + hs ~ K{s)\\C n ut\\l 2{Dy 

h s = 2(C„u+, Cn[fs + KDiU s - c s u s ] - [u s a\ + a l s WjU s + /]] ACn) L2 ( D) , 
la, = -2(l CnUs>Q Di(C,nU s )Xn[u s a\ + d*DjU a + f s ]) L ^ D y 



I 



3s = ||Cn-^«a>oKA«s + *>«««+ &.] lli 2 (£>,&) j 



mt(n) = 2 / e"^ (£„«+, Cn^fA^s + ^s + 9s]) 
Jo 



dm k 
L 2 (D) a ' n s- 



Since u+ = we have 



e~^ AtVT1 IICn<AtvnllLp) = / Wn^^ + mtin), (3.2) 



where 

fh t (n) := m T2MVT1 (n) - m T1 (n) 
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is a local martingale. 

Next we use the assumptions of the theorem and see that for dV s -almost 
all s £ (ti,T2) we have 

hs < 2(( n uf, Cn[KDiU s - c s u s ] - [u s a\ + a^D j U s \D i Cn)L 2 {D) 

= 2(Cuf, blDiuf - c s u+) L2(D) + I 4s 
with 

h s = -2(CnufDiC n ,utal + alWjut) L2 (D)- 
At this moment we recall 1)3. 1JI and observe that 

{Cn\DiCn\,( u f) 2 )L 2 (D) < ^[|Cn^||l, 2 (Z))||«j"ACn|U 3 (D)- 

Then we see that 

hs < N(\\(l - Cn)u+\\ L2{D) + ||(1 - (n)Duf\\ L2{D) )\\ut\\ W i {D) , 

where and below by N we denote various finite constants. 
In hs 

I<; n u s >oDi((nU s ) = Di(C n ut) = ufDiCn + CnA^+, 

so that 

I 2s = -2((^Diuf,ufa l s + a l s Wjuf) L ^ D) + I 4s . 
Next, 

CnhnU a >0 = Cnh s >0, 

hs < \Knh s >o[vlDiU s + v s u s ]\\ 2 L2(D/2) = (C,lDiV+ ,a l £ Djut) L i{D) 

+2(C 2 Diuf,uf(al,u s )e 2 ) L2 (D) + \\CnWs\e 2 uf\\l 2{D y 

Also observe that certain parts of h s and h s can be combined if we use that 

-2((lD iU t,a s W jU f) L2{D) + ((lD lU t,a s W jU t) L2{D) 

iC-K-^s^CnCDiufWl^y 
It follows that for dV^-almost all s G (ti,T2) 

e<^ < / [£(K - a s + (a*, u s ) e2 )2u+D iU f + £(u+) 2 (Nf a " 2c,)] dx 

JD 
+iV(||(l - Cn)<|U 2 (D) + 11(1 " Cn)^tt+|U 2(r>) )||«+|| w i (i3) 

-irrH^lic^Au+iiLp) - ^)iiCn<ni 2(0) . 

Here 

6 4 s - a 4 s + (a % s , v s )i 2 = -C s - rf s 
and we transform the integral of 

C(-vi)2utD iU t = -rk<*Di{u+f 

by integrating by parts. Then we get that for dV^-almost all s £ (n, t-i) 

e^h n s < f [-( 2 n C2utD iU f + £(u+) 2 (]v,\i - 2c s + D iV l)} dx 

JD 
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+2 lj U f)\ r dD l C n dx+N(\\(l-Qut\\ L2 (D) + \\(l-Cn)Dut\\L 2 (D))\\ut\\w 2 HD) 

l s \\L 2 {D)- 



ID 

-Ki\ S )\\UiD iU +\\l 2{D) - K(s)\\Cnuf"' 
We also use the fact that 



| - CC2ufD lU i\ < K^( S )\( n e s D lU f\ 2 + K^Ciut) 2 , 

\u s \l-2c s + D iV i<K 2 (s). 
Then we easily see that for dV^-almost all s £ {t\,T2) 

e^h n s < N(\\(l - Cn)uf\\ L2(D) + ||(1 - Cn)Dut\\ L2{D) ) \\ut\\ wm 

+2 I (uffCn^DiQdx < N(\\(l-Cn)uf\\ L2{D) + m-Cn)Duf\\ L2{D) )\\ U f\\ wUD) . 

Now (|3~2)) yields 

e-^^t\\u+ AtWTl \\ 2 L2(D) <m t (n) 

+N f (||(1 - C n )ut\\ L2{D) + ||(1 - (n)Duf\\ L2{D) )\\uf\\ w i {D) dV s . (3.3) 

" 

The integrals against dV 8 in (|3,3|) tend to zero as n — > oo by the dom- 
inated convergence theorem. Since the sum of them with continuous local 
martingales is nonnegative, the local martingales and the right-hand side of 
(13.3(1 tend to zero uniformly on finite time intervals in probability (see, for 
instance, 0). So does the left-hand side and the theorem is proved. 

Proof of Theorem 11.21 Obviously, u t = ptUt satisfies 

(0, ut) = (</>, «o) + / (<f>, crfDiUs + v k u s + p s g k ) dm k + / (c/>, u s ) dp s + 
Jo Jo 

+ I (</>,Di(c% D J u s ) + b i s D,u s + D i {a i s u s )-c s u s + p.J s + p s Difl)dV s . (3.4) 
Jo 

We rewrite this equation introducing 

f> T/ I d f* dVt 

Vt = Vt + pt, Pt = ~pr, qt = -pr, 

dV t dV t 



(al 3 ,al,bl,ct) = qt(a l t 3 ,al,bl,c t ), (*?,#) = q t < \af , *?), 

We also set 



ft = qtPtft + PtUt, ft = qtPtfl, 9t = Qt Pt9t- 



m k = fq-^dml (0^ := ). 

Jo 



Notice that since d(m )t < dVt = qtdVt the last integral makes sense. 
In this notation (|1.1|) and (|3.4j) are rewritten as 

rt 



f ((/), a ik D iUs + i> k u s + q l J 2 g k s ) dm k s 
Jo 



\ut) = {((>, u )+ • ' -'" " "■■ ' •' -'-•'••■ /V 



14 N.V. KRYLOV 

nt 

'0 



+ / ((p, Di(ai J D jUs ) + blD iUs + A(a> s ) - c s u s + q s f s + q s Dif s ) dV s , 
Jo 



J,ut) = (&«o)+ / {(j),afDiU s + P k s u s +g k s )dm k s 
Jo 



+ [ {4>, D^DjUs) + b\D % u s + Di(a l s u s ) - c s u s + f s + DJl) dV s , 
Jo 
respectively. We subtract these equations, denote vt = ut — v-t, and observe 
that for any u we have dV^-almost everywhere on (ti,T2) that 

Iv s >o(ql /2 9 k s ~ 9 k s ) = Iv s >o(q s fi ~ ft) = 0, 

Iv s >o(q s fs - f s ) = q s Iv s >o(f s - Psfs) -p s u s l Vs>0 < 0. 
We also use the fact that the above versions of equations (|1.1|) and 1J3.4J) 
satisfy the same Assumptions ll.il 11.2111.31 and II .41 with q s £l and q s Ki(s) in 
place of £1 and Ki(s), respectively. Then we the desired result directly from 
Theorem ll.il The theorem is proved. 

4. Auxiliary functions 

Let C[0, oo) be the set of real- valued continuous functions on [0, oo). For 
x. £ C[0, oo) set x s = xo for s < and for n = 0, 1, 2, ... and t > introduce 

A~(x.,t) = 2 n/2 osc x.. 
[t-2-v] 

If c G (0, oo), then define 

M-{x.,c,t) = #{k = 0,..,n : Aj-(x.,t) < c}. 

For n negative we set M~ (x. , c, t) := 0. For c> 0,d > 0,5 > introduce 

7(c, d, <5) = 1 — P( min Wf < — c — d/y2, max w+ < d — d/v2). 

t<8/2 t<8/2 

As is easy to see 

7(c, d, 6) > P(wt reaches d — d/v2 before reaching — c — d/v2) 

__ c + d/V2 /- 

" c + d > /V ' 
so that 21og 2 7(c, d, <5) > — 1. 
Set, for to = 0, 1, 2, ..., 

Q™ := Qm(x.) :={{s,y) :s>0,x s <y<x s + 2" m / 2 }. 

Lemma 4.1. For to = 0, 1, 2, ..., £ > and x G (0, 2~ m ' 2 ) introduce 

r m (t, x) = r m (x.,t, x) = P(x t + x + w T ^/6 = x t - T + 2~ m/2 ), 

where r = inf{s > : (t — s, xt + x + w s v6) Q m }- Then 

r m (t,x) < [ 1 ( c ,d,8)] M ^+^ x -' c ' t) - M ^-^ x -' c ' t) - k , (4.1) 
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where n = n(2 m ' 2 x/d), k = k(c + d), and 

n(y) = [(-2 tog 2 1/)+], k(d) = 2 + [(21og 2 d)+\. 
Proof. Define 

Then as is easy to see r m (t,x) is rewritten as 

P(% + x + tDr V^ = x t _ f + i), (4.2) 

where 

f = inf{s >0: (t - s,Xt + x + w s V6) g Q (x.)} = 2 m r. 

Since w. is a Wiener process, by Corollary 3.4 of '§{ expression 1)4. 2JI is less 
than 

[ 7 (c,d,5)] M -^ c ^- k , 
where n = n{x/d). Here 

M^(x.,c,t) = #{j = 0, ...,n : 2 j/2 osc x. < c} 

[t-2~i,t] 
= #{j = 0, ..., n : 2^' +m )/ 2 osc x. < c} 

[t-2-J'- m ,t] 

= #{i = m, ...,m + n : A~(r) < c} = M~ +n (x.,c,t) - M~_ x {x.,c,t) 
and the result follows. The lemma is proved. 

Lemma 4.2. Let T £ (0, oo). Assume that 

lim inf M~(x..c, t) > a > 0. 

m — oom+lfelo.T] 

TaA;e constants p > and f so t/iai 

1 < up < px + 1 < 0, (4.3) 

where x = — 2a log 2 7(c, d, 5). Then, for r m from Lemma \4-1\ it holds that 

» 2 - m / 2 -, 
sup sup 2- m ^- 1 ^ 2a ) / r P n (t,x)dx<oo. (4.4) 

m>0te[0,T] JO X " P 

Proof. By Lemma 14. II for a constant N and 7 = 7(0, d, <5) 

r m (t,x) < Nj M ™+n- m , 

where x < 2~ m / 2 , n = n(2 m / 2 x/d), M~ +n = M~ +n (x.,c,t). Furthermore, 

n(2 m / 2 x/d) > (-21og 2 (2 m / 2 x) + 21og 2 d)+ - 1 

< (-2 log 2 (2 m/2 x))+ - N = -m-2 log 2 x-N, 
where N is a constant. Hence, m + n > — 21og 2 x — N. Since obviously 
T m < 1 we have that 

r m (£,x) < 1 A (Ar 7 - m+M -2iog 2 -iv). 
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By the assumption if x is small enough 

M -21og 2 x-iV>«(- 21o g2^)- 

Therefore, for x G (0, 2~ m / 2 ] 

r m (t,x) < 1 A (iV 7 -™-2alog 2a;) = 1 A ( Nl -m x xy (4.5) 



Next, 



„2~"i/2 



/ —rP(t,x)dx<[ —(lA(N~f- m x*)) p dx 

J x v p my ' ~ Jo x u P y v " 

= y^ 1 -^)/* / (1 A {Nx x )fdx, 

Jo x up 

where the last integral is finite owing to (|4..S[) . This proves the lemma. 

Let u;j be a Wiener process with respect to a filtration {^i, t > 0} of com- 
plete cr-fields and let at and at be bounded real-valued processes predictable 
with respect to {Ft, t > 0} and such that at — of > <5of , where 5 E (0, oo) is 
a constant, a t — a 2 > for all (u>, t) and for all ui 

POO 

/ [at — o~ t \ dt = oo. 

Set D x = d/dx. For m = 0, 1, 2, ... we will be dealing with the SPDE 
dv(t, x) = (l/2)atD x v(t, x) dt + o~tD x v(t, x) dwt 
in B m = (0, oo) x (0, 2~ m ' 2 ) with boundary conditions 

v(t,0)=0, v(t,2- m/2 ) = 1, £>0, (4.6) 

u(0,x) = 0, 0<x<l. (4.7) 

Recall that by Theorem 2.1 of [3j there is a deterministic function ao(c), 
c > 0, such that «o( c ) — > 1 as c — > oo and with probability one for any 
Te (0,oo) 

lim inf M~(w.,c, t) = ao(c). 



n^oo 



tG[0,T] ra + 1 



Theorem 4.3. For each m = 0,1,2,... there is a function v m (t,x) = 
v m (u),t,x) defined on O x B m such that 

(i) v m (t,x) is Ft -measurable for each (t,x) G B m , 

(H) v m (t,x) is bounded and continuous in B m \ {(0, 2~ m ' 2 )} for each u, 

(Hi) derivatives ofv m (t,x) of any order with respect to x are continuous 
in B m U ({0} x (0, 2" m / 2 )) for each u, 

(iv) equations (|4.6() and Q4.7|) hold for each uo, 

(v) almost surely, for any (t, x) £ B m 



v m (t,x) 



I (l/2)a s Dlv m (s,x)ds + / a s D x v m (s,x) dw s 
o Jo 
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(vi) for any T E (0, oo), c, d > 0, p > 0, a > suc/i £/ia£ ao(c\/5) > a, 
and v satisfying 

Kvp<xP+l, (4.8) 

where \ = ~~ 2alog 2 7(c, d, 1), we have that with probability one 

,. 2 -™/ 2 , 

vr T :=sup sup 2- m ^~ 1 )/( 2a ) / v p m {t,x) dx < oo. (4.9) 

m>0te[0,T] Jo xVP 

Proof. In Lemma f4. II take 5 = 1 and set v m (x.,Xt + x,t) = r m (x.,t,x), 
where r m is introduced in that lemma. Set 

rt r<tn 

ipt= (a s ~ of) ds, £t= I o- s dw s , T t = F$ t , 
Jo Jo 

v m (t,x) = v m (u,t,x) = v m (C,t,x), v m (t,x) = v m (w,t,x) = v m (ip t ,x+^ t ), 

where <j>t = inf{s > : ip s > t} is the inverse function to tpt- 

It is proved in Theorem 4.1 of jS] that i>o possesses properties (i)-(v). The 

proof that this is also true for any m is no different. 
Furthermore, it is well known that 

V6 o- s dw s = w^ , 

where wt is a Wiener process and 

ipt = o o s ds. 
Jo 

Hence £t = S~ 1/2 w^ t) with 

^{<P t ))' = 8<y 2 s /{a s -a 2 s )\ s=4 , t <l. 
It follows that for n = 0, 1, 2, ... we have 

M"(e,c,t) > M-(w.,cV6,j>(<j> t )), 
inf M~ (C,c,t)> inf M~ (w.,csf8,t), 
and with probability one 

lim inf -M~(£.,c,t) > ao(cVo) > a. 

?i— >oo t<T n -\- 1 

Finally, for M = sup^ f (at — of) we have 

2 -m/2 „2~ m / 2 1 

SU P / -rr^(t,x)dx< sup / — -v^(t,x + ^)dx 

i<TJo ^ P t<MTJo xP 



r l r l 

t<MTJo X P t<MTJo X U P 

After this it only remains to use Lemma 14.21 The theorem is proved. 
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Remark 4.4. Obviously, for any e G (0, 2~( m+2 )/ 2 ) we have 

v m (t,-)eW}(e,2- m / 2 -e) 
for any t G [0, oo) and for any T G (0, oo) we have 

/ \\v m (t, OllwJCe.S-Wa-e) * < °°- 

Furthermore, by using the deterministic and stochastic versions of Fubini's 
theorem one easily proves that for any </> G C^°(0, 2~ m ' 2 ) with probability 
one for all £ G [0, oo) 

(<j>,v m (t, •) = (1/2) / (0, a s Z? 2 u m (s,-))(is+ / (<f),a s D x v m (s,-))dw s . 
Jo Jo 

5. Continuity of solutions of SPDEs 

We take the processes at, at as before Theorem 14.31 but impose stronger 
assumptions on them. 

Assume that there exist constants So, Si G (0, 1] such that, for every {uj, t) 

So < hat < a t -a 2 < Sq 1 , 

We will be dealing with solutions ut(x) of 

dut = {{l/2)a t D 2 x u t + f t ) dt + {a t D x u t + g t ) dw t (5.1) 

on M + with zero initial condition. To specify the assumptions on /, g and 
the class of solutions we borrow the Banach spaces ET7 q{t) and I^ p ^(t) from 
[TU] . We also denote by M the operator of multiplying by x. Recall that, 
for p > 2, < 6 < p, the norms in M2q(t), 7 = 1,2, and L Pj #(t) are given 
by 

IK eM =E / / x e - l \v{t^W dxdt, 



^• eiT) J0 J0 



,(r) = \\v\k p , e (r) + \\MD x v\\ LpAr) , 



i2 



ni , M + \\M'Div 



2n2„ 



Given p > 2, 9 £ [p — l,p), any stopping time r, / G M _1 L p ^(r), and 
jGil e {r) by Theorem 3.2 of ^Uj equation <|5.1|) with zero initial condition 
has a unique solution u G MIH 2 e (T) and 

IIM-Mhj fl(T) < iV(||M/|| L ^ (T) + ||3|| H i e(T) ), 

where AT = N(p,0,5 ,Si). 

We will also use Theorem 4.7 of [S], which implies that if u is a solution 
of (|5.1|) of class MM. 2 8 (t) with zero initial condition and / G M _1 L p e(T), 
and g G H* e (r) and if there are numbers T G (0, 00) and /3 such that 

2/p < (3 < 1, r < T, 
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then for almost any u the function ut(x) is continuous in (£, x) (that is, has 
a continuous modification) and 



£supsup|^- 1+ ^x)r<iVT/W2 ( || M -i u || (T) + ||M/||^ 9(T) +|| 5 || Hl (T) ), 

where iV = N(p,6,0,S o ). 
Everywhere below we take 

p> 2. 

Theorem 5.1. Let T G (0, oo), c > 0, a G (0, 1), 9 > 0, fi be some constants 
such that ao(cy/5i) > a, 

9 <e<p, n<p(l + 2 log 2 7(c)) - 2 = 9 - 2 + 2p(l - a) log 2 7 (c), 

w/iere 

7 (c) = 7 (c 1,1), o =p(l + 2alog 27 ( C )) (> 0). 

Let f G M- l I, p ^i(T), g G Hj^CT), and Zei u G MH^ rl (T) 6e a soZu- 
£zon o/ (|5.1j) with zero initial condition. 

Finally, assume that ft{x) = gt{x) = for x > 1 and f G M~ 1 L PiM (T), 
g G Hp„(T). T/ien £/iere exisi stopping times r n | T, defined independently 
of f and g such that, for each n, u G MEIpg(T n ) and 

IIM-MS, 9(tb) < n(||M/||^ (Tn) + || 5 ||^ (Tn) ) (5.2) 

Here is the result about the continuity of ut(x) we were talking about in 
the introduction. 

Remark 5.2. By Theorem 4.7 of [S] and Theorem 15.11 if we have a number 
(3 G (2/p, 1], then there exists a sequence of stopping times r n |T such that 

-E sup sup \x~ e u t (x)\ p < oo, 

t<Tn z>0 

where e = 1 — /? — 0/p. Due to the freedom of choosing a, /?, and 0, the 
number e can be made as close from the right as we wish to 

1- lim (2 + o )/p = -2/p-2a o (cy^)log 2 7(c). 

a— >ao(cv / 5T) 

If we allow arbitrary p, then the rate of convergence of ut{x) to zero as x { 
is almost 

x eo , e = -2a (cv^i) log 2 7(c) > 0, 
which is the same as we obtained for v m (t, x) (see (|4.5(l ). Hence, the presence 
of / and g does not spoil the situation too much. 

It is also worth noting that / and g still may blow up near zero even if p 
is large. When p is large we can take (fi — l)/p as close to 1 + 2 log 2 7(c) as 
we wish and then the integral 

-1 
x»- l \xf t {x)\ p dx 
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converges if |/*(x)| blows up near x = slightly slower than x 2 ( 1 + lo S2 7( c )) # 
Here log 2 7(c) — ► as c — ► oo and one can allow |/t(x)| to blow up almost 



as x ~ 2 . 



However, when / and g become more irregular near 0, the rate with 
which the solution goes to zero at deteriorates. In connection with this 
it is interesting to investigate what happens with eo as ^i I 0. Take an m 

— 1/2 

so large that ao(m) > 1/2 and set c = mS 1 — 1/2. Then for 5± small we 
have ao(cy/5i) > 1/2 and 



£o > — logofl — P{ min w s < — c — 1/v 2, max w s < 1 — l/v2)), 

s<l/2 s<l/2 

e In 2 > - lnfl - P( min w s < -c - l/\/2, max w s < 1 - 1 A/2)) 
s<1/2 «<l/2 



~ P( min u;j < — c — 1/v 2, max w s < 1 — 1/v 2) 
s<l/2 s<l/2 



= P( min to* < — c — 1/v 2) — P( min 10+ < — c — 1/v 2, max u; s > 1 — 1/v 2) 

s<l/2 ' «<l/2 s<l/2 

and 
P( min w* < — c — l/v2, max w s > 1 — l/v2) < 2P( min tot < — c — 1), 

s<l/2 s<l/2 s<l/2 

so that 



P( min u^ < — c — 1/v 2, max u; s < 1 — 1/v 2) 

s<l/2 s<l/2 

> P( min w t < -c- l/\/2) - 2P( min io t < -c - 1) 
s<l/2 ' «<l/2 



Next, as a — > oo 



P( min u; s < -a) = P(|u>i/ 2 | > a) = — p= / 



oo 

_ 

dx ~ — ^a e 

7T 



J ■ ' -l„-a 2 



and 



lim[P( min W+ < — c — 1/v 2) 
«5i|0 3<l/2 



-2P(min w t < -c-l)](c+l/V2)e {c+1/V * )2 = 4= 

s<l/2 V? 

Hence 

lim[m<5^ 1/2 e m2 / 5l e ]> 



-5i|0 V^ ln2 

This result may seem unsatisfactory since the guaranteed value of £o is 
extremely small when <5i is small. However, recall that by Remark 4.2 of [S] 
the best possible rate with which the solutions go to zero for small 5\ is less 

(l + K )(27r5 1 )- 1 /2 e -i/(2^) ) 
where k > is any number. 

To prove Theorem 15. 11 first we prove the following. 
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Lemma 5.3. Assume that, for an m = 0, 1, 2, ... we have ft(x) = gt(x) = 
if x < 2- m / 2 . Then almost surely for all t < T and x G (0, 2" m / 2 ) 

\u t (x)\ <v m (t,x)sup\u s (2- m / 2 )\. (5.3) 

s<t 

Proof. By Theorem 4.7 of |Hj the function ut(x) is continuous in [0, T] x 
(0, 2~ m / 2 ) (a.s.) and therefore to prove 1)5. 3J) it suffices to prove that for each 
e G (0, 2"( m+2 )/ 2 ) almost surely for all t < T and x G D := (e, 2~ m / 2 - e) 

|nf(x)| <t> m (t,x)sup|<(2- m / 2 -e)| =:« m (t,x)^, (5.4) 

where uf (x) = ut(x — e). The function u £ satisfies 1)5.1)1 with / = g = in 
(0, T) x (e, 2~ m ' 2 +e) and in (0,T) x D. Furthermore, (a.s.) for almost any 
t G (0, T) we have I? x iii G I j p {D) implying that the limit of u £ (x) as x j e 
exists. Since (a.s.) for almost all t G (0, T) also (x — e)~ l u £ t G L p (D), the 
limit is zero. As x | 2~ m ' 2 — e the situation is simpler and we see that (a.s.) 
for almost all t G (0, T) we have 

n lim an ( M t( X ) ~ Wm(^)P?) + = 0. 
D3x^dD 

Furthermore, (a.s.) for almost all t G (0, T) it holds that uf G W^-D) 
and 

2 

Combining this with Remark 14.41 we see that (a.s.) for almost all t G (0,T) 

we have (uf - v m (t, -)p £ t ) + G W^(D), (uf - v m (t, -)p £ ) + G W^(L>) and 

T 

\\(u £ t - v m (t,-)p £ t ) + \\ 2 vi(D) dt < oo. 

2 

By Theorem II .21 we conclude that almost surely for all t < T and x G D 

u £ t {x) < v m (t,x)p £ . 

By combining this with similar inequality for —u £ we obtain 1)5.4)) . The 
lemma is proved. 

Proof of Theorem 15.11 Clearly, we only need prove Theorem 15.11 for / 
and g such that ft(x) = gt(x) = for all u,t if x is small. Then 

feM-% t <>(T), gem^iT) (5.5) 

for any $. 

According to Lemma 3.6 of [10] . for each stopping time r n < T, we have 
u G MH 2 q(t u ) if u G ML Pi e(r n ) and under this condition the left-hand side 
of 1)5.2)1 is dominated by a constant iV = N(Q,p,5q,5\) times 

H M_1u IIl (t) +E / a? tf_1 l-Ft (a:) | p dayctt, (5.6) 

P ,e{ n) y Q y Q 

where 

Ft(x) := \xf t (x)\ + |#t(x)| + IxD^^x)!- 
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Observe that obviously (a, 7(c) < 1) 

9 > 9 > [i (5.7) 

and since ft(x) = gt(x) = for x > 1, the integral involving Ft will increase 
if we replace 9 with [x. It follows that to prove the theorem, it suffices to 
estimate only the lowest norm of u, that is to prove the existence of r n j T 
such that 

llM-^Hf , . <n[||M/||? , , + \\g\\L , J. (5.8) 

Next, take a $ £ [p— l,p) such that $ > 9. For any stopping time t <T, 
by Lemma 4.3 of jlUj we have u £ MHL(r) and by Theorem 3.2 of |1U| 

r ^00 



E / x^> t (x)/xr^t<7V[||M/||j; +|| 5 ||^ ], (5.9) 

JO JO p ' p^ 

where A" = N(j),'&,8q,6i). As before on the right we can replace 1? with /i. 
On the left one can replace 1? with 9 if one restricts the domain of integration 
with respect to x to x > 1. Therefore (|5,8|) will be proved if we prove the 
existence of appropriate stopping times r n such that 

£ f* f 1 x e - 1 \u t (x)/x\Pdxdt < n[\\Mf\\l + lldgp ]. (5.10) 

JO JO P ' M 

Take a nonnegative 77 £ Cg°(]R+) with support in (1,4) such that the 

(l/2)-periodic function on R 

00 
J- ^(2^/2) 

k=— 00 

is identically equal to one. Introduce, 

??m(^) = V( 2m/2 x), (fmt,9mt) = {ft,9t)Vm- 

Also introduce u m t as solutions of class MM.^ .(T) of (|5.1|) with zero 
initial condition and f m t and g mt in place of ft and <ft, respectively. Since 
only finitely many f mt and g m t are not zero, we have 

00 

U t (x) = ^ u mt(x) = h(t,x) +I 2 (t,x), 
m=l 

where 

00 00 

h(t,x) := ^2 u mt (x)I x < 2 -m/2, h(t,x) := ^J u mt (x)I x>2 - m /2. 

m=l m=l 

Estimating I 2 . Take a •& as above, set £ = (1? — 9)/(2p) and use Holder's 
inequality to obtain 



i/ 2 (t,x)r<x;2^^ 4 (x)j^(x), 



m=l 



MAXIMUM PRINCIPLE 23 

where 

oo 



J(x) := J2 2 ~ £qmi x>2-m/2 < Nx 2e \ J p /o{x) < Nx* 

m=l 

Then use (|5,9j) again to get 

E I [ x e ~ 1 \I 2 {t ) x)/x\ p dxdt 
Jo Jo 

<Nj]E / 1 m ^- e ^ 2 x d - l \u mt {x)/x\ p dxdt 
m=l Jo Jo 

°° f'T /*00 

<nJ2e / 2 m ^- y 2 x^- 1 \F mt (x)\ p dxdt, 

m=l J J 

where 

F m t{x) = \xf mt (x)\ + \g mt (x)\ + \xD x g mt (x)\. 

Here we notice few facts, which will be also used in the future, that on 
the supports of f m t(x) and g m t(x) we have x ~ 2~ m / 2 , 2 m ^~ e ^ 2 F mt (x) ~ 
x F m t(x) and 

^mt(x) < F t (x)fj m (x) 

where f) m (x) = r] m (x) + x2 m / 2 \r}'{2 m / 2 x)\. Notice that the (l/2)-periodic 

function 

00 

m=—oo 

is bounded on R. Then we see that 



E 1 if x - 1 \I 2 (t,x)/x\ p dxdt 
Jo Jo 

<NE / x e - l \F t (x)\ p V r^(x) (ixdt 
^o ^ m=l 

* ^OIM/H^^ + |M|^ (r) ] 

for any t < T with a constant TV" under control. As above we can reduce # 
in the last expression to [i. 

Estimating I\ . Here we will see how r n appear and how we get a substan- 
tial drop from 9 to //. We have seen above that the smaller // is the weaker 
the statement of the theorem becomes. Therefore, we may concentrate on 
H so close to p(l + 2 log 2 7(c)) — 2 from below that 

2 < p p ■= p(l + 2 log 2 7(c)) - M < P- 
Then 

2/p</3< 1. 
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Observe that 



m=l m=l 



p/q r _ 

Umt(x)\ P I x<2 -m/2 



x<2~ m / 2 - 
m=l 



00 /"T r-2- m / 2 

<NS"E / |log 2 s|V _1 |umt(a;)/a;| p da;dt <NJ(t), 



<N\\0g 2 x\Pj2\ U mt(x)\ P l 

It follows that for any 9' < 6 

E J I x e - 1 \I 1 (t,x)/x\ p dxdt 
Jo Jo 

N H E / 

m=l ^ ■ / ° 

where 

00 PT r-2- m /' 2 

J(t) := V £ / / :/~VmtOc)/:E| p <fecft. 

m=l ^ Jo 

By Theorem 4.7 of [SJ and Theorem 3.3 of ^J, for any t <T 

f'T POO 

£supSUp|x £ U mt (x)| P < iVT^/ 2 ^ / / X^-Vmt^r^^, (5-11) 

t<r x>0 Jo Jo 

where iV = N(p,5o, 5\,($) and 

0i:=p-l, e:=p-l + 0i/p = p-l/p>0. 

Therefore, 

J Esup|-u mt (2- m / 2 )| p < 2 m (*"P +ei )/ 2 J Esupsup|x e n mt (x)| p 

i<r t<T z>0 

/»T /"CO 

Jo Jo 

rr poo 

Jo JO 
Next, observe that, by Lemma 15.31 for x £ [0, 2~ m ' 2 ] and t <T, 

\u mt (x)\ < v m (t, x) sup|n ms (2~ m/2 )|. 
Hence 

J(t) < V J Bsup|u mi (2- m / 2 )| / / :/'-> m (t,x)/xp'dcdt 

1 *<T JO JO 



00 „ T 

< V- 2m (, P -l)/(2a )jBsup | nmt(2 - m / 2) | / ^ 

tZ^ t<T Jo 



m=l 

where v is defined according to 

up = p — 8' + 1 



MAXIMUM PRINCIPLE 25 

and lit is introduced in Theorem 14. ^1 So far 6' was only restricted to 0' < 6, 
so that vp > 1. Due to the assumption that > 9q one can satisfy 6q < 
6' < 6 in which case (|4.8jl holds. Then in light of Theorem I4..3I one can find 
stopping times r n \T such that 

f-Tn 

j irt dt < n. 

JO 
Then 

00 />T n POO 

J{ Tn ) < niV V 2 m ^P- i y ( - 2a h m ^ p - p+1 ^ 2 E / / \F mt (x)\ p dxdt. 
m=l ^ -^ 

As is easy to see the inequalities 0' > 6q and 

(3p — p + (z/p — l)/a < —fi 

are equivalent. Hence, 

E [" [ x ' 1 \I 1 (t,x)/x\ p dxdt < NJ(r n ) 
Jo Jo 

00 rr„ r-oo 

< niV V 2 m ( 1 -^/ 2 ^ / / \F mt {x)\ p dxdt 
m =i Jo Jo 

00 l-T n POO 

<uNJ2e / x ti - 1 \F mt (x)\ p dxdt 

m=l ^O ^O 

/>r„ poo 

<nNE / a^~ 1 |F t (a;)| 1 ' dicrft. 

Jo Jo 
By combining this estimate with the estimate of I2, noticing that the 
above constants N are independent of / and g and, if necessary, renumbering 
the sequence T n we come to (|5.1U|) . This proves the theorem. 
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